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Abstract

Diversity, as used in interdisciplinarity studies, has three components: variety, evenness, and dissimilarity. In 2019, Ley-
desdorff, Wagner, and Bornmann proposed an indicator, denoted as DIV*, that independently operationalized these
three components and then combined them. Gini evenness is one factor in this formula. An important point is that
Leydesdorff and his colleagues rejected so-called dual concepts, i.e. concepts that mix or are influenced by at least two
of the three basic components of diversity. A few years ago Chao and Ricotta took a new look at “evenness” and showed
that the Gini evenness measure, as well as the Lorenz curve, are dual concepts as they are influenced by variety. For this
reason, | propose to replace the Gini evenness measure in DIV* with an evenness measure, actually an evenness profile,
that is not influenced by variety.
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1. Introduction

Interdisciplinarity is a hot item in bibliometrics and the science of science. The term interdisciplinarity itself leads to
three important questions: What is a discipline? How can interdisciplinarity be measured? How can diversity in disci-
plines be measured?

Loet Leydesdorff had a very broad interest and studied, if | may slightly exaggerate, every aspect of the science of scien-
ce, including interdisciplinarity. Yet, here | focus on measuring diversity and his contribution to this concept. How best to
study interdisciplinarity is, in my opinion, still an open question, but measuring interdisciplinarity is often operationalized
by studying diversity: usually the diversity of the references in articles (Rousseau et al., 2019), but sometimes also the
diversity of the fields to which authors belong (Abramo et al., 2018). Another approach includes cohesion of references
as an aspect of interdisciplinarity, besides diversity of references. This suggestion comes from Rafols and Meyer (2010).
Here | just mention this valid suggestion without going into details. Applications including cohesion in interdisciplinarity
studies can be found in Rafols and Meyer (2010), Rafols (2014), and Rousseau et al. (2019).

2. What is diversity?
Since Stirling (2007) bibliometricians and many other Diversity has three components: variety,

colleagues, are convinced that diversity has three com- evenness, and dissimilarity. The problem

ponents: variety, evenness, and dissimilarity. The pro- now is threefold: how to define the-
blem now is threefold: how to define these three com-
se three components, how to measure

ponents, how to measure them, and how to combine .
them? them, and how to combine them?
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| first introduce some notation. Assume that one has a situation with N € N, N > 1, categories or cells. For the moment
these are either theoretical categories, which may be empty in a given case (such as the categories in the Web of Science
in a study of the publications of a university department), or categories that are actually observed (such as butterflies on
the university campus). An observation is an array X = (x, X,, ..., X,), where X, denotes the number of items in category j,
j=1, ..., N. Depending on the study x,>0orx 0.l always assume that not all x,=0.

.. . . . .. xj . . _x .
If N is given, the proportion of items in category j is denoted as , p; = otherwise, it is , p; =, where n_is the num-
ber of non-empty cells.

The normalized dissimilarity (however measured) between categories i and j is denoted as d,y-: dj,., with 0 < dijS 1. The
corresponding similarity between categoriesiand j is s;=1- dij'

| now come to the definition of the three components of diversity and the problem of how to combine them without
losing validity or information in each of them.

Variety is simply the number of non-empty cells, denoted as n..

Evenness or balance (I use these two words as synonyms) may be described as the relative apportionment of abundan-
ces among categories (actually present, or assumed to be possibly present). It is a function of the pattern of the assig-
nment of items across categories (Rousseau et al., 2019, p. 312). The problem, discussed in this article, is how to relate
this description in words to an acceptable mathematical formula.

Rafols and Meyer (2010) propose the Rao-Stirling (in short: RS) measure as a measure of diversity. This measure is de-
fined as :

RS(X) = X,_, d%(pip;)” @)

where in practice they propose to take a = 8 = 1. Inspired by the ideas of Jost (2009) related to so-called “true diversity”,
Leinster and Cobbold (2012) propose the following diversity profile (not just one value, but a whole range of values with
parameter q), where this parameter ranges from 0 to infinity (the cases q = 1 and q = e are obtained as limits).

D00 = (Sam B -dyp) ) " @

The case g = 2 is related to the RS-measure:

-1)
D)= ( N (T (1 - di/‘)l’i)l) = #S(X) @)

This diversity was suggested by Zhang et al. (2016) for applications in interdisciplinarity studies.
From now on | mainly follow the reasoning in Leydesdorff et al. (2019a), complemented by my comments.

In Leydesdorff et al. (2019a) the authors proposed to modify the Rao-Stirling diversity measure into a new indicator
(DIV) that independently operationalizes “variety,” “balance,” and “disparity” and then combines them ex-post. These
authors note that in the Rao-Stirling diversity, two of the three components, namely variety, and balance, are combined
in the definitions (ex-ante) using the repeat measure (i.e., the Hirschmann-Simpson-Herfindahl measure), see Rousseau
(2018) for the reason why | prefer the term repeat measure. Leydesdorff, Wagner, and Bornmann refer to such combi-
nations of variety and evenness as dual-concept diversity.

The following requirement seems natural. When two given components are held constant then an increase in the third
component would lead to an increase in diversity. This has been called “the monotonicity” requirement by Rousseau
(2018): diversity must increase for each of the three components when the other two remain the same.

Rousseau (2018) provided a counter-example, showing that the Rao-Stirling diversity does not meet this monotonicity
requirement. It is, indeed, possible that for given variety and disparity, the diversity does not increase monotonically
with balance. The same conclusion holds equally for the “true diversity” variant of Rao-Stirling diversity introduced by
Zhang et al. (2016).

“Variety” can be independently operationalized, as the number of observed categories, n,, or as relative variety (boun-
ded between zero and one) as nx/ N, with N being the total number of classes available. The notion of “balance” can be
operationalized using the Gini coefficient without “co-mingling” it with “variety”, as claimed in (Nijssen et al., 1998). Sin-
ce the classical Gini (concentration) coefficient is maximally diverse for Gini = 0 and fully homogeneous for Gini tending
to 1, Leydesdorff et al. used (1 — Gini) so that one obtains a diversity measure with three factors for each unit of analysis
X. The formula they proposed reads as follows:

N i(f= nx(nx—1)
i+

DIV(X) = ™« (1 — Gini) * ():"X 1L) (4)
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The right-most factor in this equation is similar to the disparity measure used in the case of Rao-Stirling diversity. The
two other factors, however, represent relative variety as nx/ N, with N being the total number of classes available, and
balance measured as the Gini evenness index (namely, one minus the Gini concentration coefficient). The authors fur-
ther note that variety and disparity have to be normalized so that all terms are bounded between zero and one.

Not going into the essence of the Leydesdorff-Wagner-Bornmann argument, which | think is rejecting dual concepts,
Rousseau (2019) made three objections against the (DIV) formula. The first was about the use of the total number of
categories in (DIV). This excludes cases where N is not known, such as is often the case in biological observations. The
second was the fact that the third component in (DIV) only takes the total sum of all dij into account: specific dijvalues do
not play a role. Finally, the third objection refers to the normalization of (DIV). Because of this normalization (DIV) cannot
be a ‘true’ diversity measure in the sense of Jost (2009). Recall that a “true” diversity must have the value N if one studies
a community of N equally abundant, totally dissimilar items. The point here is that if a measure is not a “true” diversity
one cannot discuss diversity in terms of percentage growth or decline. As a reply, Leydesdorff et al. (2019b) adapted
their formula (DIV) to the following formula (DIV*):

DIV*(X) = nyg * (1 — Gini) * (z}f}‘:l di]-> (5)
i®j
For the further developments of this article, | note the important point that Leydesdorff et al. (2019a,b) followed the
arguments | gave in Nijssen et al. (1998), namely that the Lorenz curve, and hence the Gini evenness index is a perfect
representation of evenness. In that article | followed the ideas of Taillie (1979), and was, of course, convinced that this
was true. My main point in (Nijssen et al., 1998) was that | showed that the Gini evenness index and one over the coeffi-
cient of variation respected the Lorenz curve order. | moreover provided new variants of the Shannon and the Simpson
index that also respected this order, and hence, were considered to be acceptable measures of evenness.

3. Recent developments related to the concept of evenness

A few years ago Chao and Ricotta (2019) took a new look at the notion of evenness. When variety and abundances pos-
sibly vary they state two requirements:

Requirement A. This is the unrelatedness criterion, which states that the range of values that an evenness mea-
sure can take should be a fixed interval, regardless of species richness or abundances.

Requirement B. This is scale invariance, which states that any evenness measure should not be affected by the
units used. In particular evenness for raw data and for relative abundances should be the same.

The unrelatedness criterion clearly fits into the Leydesdorff et al. (2019a) framework of rejecting dual concepts. As even-
ness should take values on a fixed interval, one may agree to use the interval [0,1].

The point now is that the Gini evenness index and any measure respecting the Lorenz order do not satisfy the unrela-
tedness criterion (requirement a). Indeed, when N = 2, then the Gini evenness index takes values between 1 /2 and 1;
and generally the Gini evenness index takes values between 1/N and 1. This shows that the Lorenz curve is not a per-
fect representation of evenness as it depends on variety. Another consequence is that the requirement of replication
invariance, which originates from Dalton (1920) and which states that e.g., the evenness of (x,y,z) is the same as the
evenness of (x,X,X,Y,y,¥,2,2,2), is not a proper requirement for evenness.

| note here a subtle point: it is the range of the evenness values that may not depend on N. One cannot avoid using a
measure that depends on N. Indeed, the formula to calculate the Gini index clearly depends on N, and that observation
will hold for all measures that will be suggested to replace the Gini index.

4. A proper evenness measure

Until now | have disregarded the influence of q on the sensitivity of evenness (being more or less sensitive to highly
abundant or rare classes). Chao and Ricotta (2019) provide arguments to reject measures derived from distance func-
tions and, instead use divergence measures. In the next step, they consider five classes of divergence measures. These
classes and some specific cases are given in Table 1 of their article (Chao; Ricotta, 2019) to which | refer the interested
reader. | do not repeat the whole table, admitting that a study of these different profiles and the specific differences
between them, would be very interesting. | just show here the case originating from Jost (2010), denoted as E, in the
Chao-Ricotta article. This evenness profile is defined as:

/(1-q)
N p? ! -1
g o = P (©)

N-1

Here N, the number of all possible categories in the situation under study, is assumed to be known. Otherwise, N must
be replaced by n,. The case g=2, originating from Kvélseth (1991) is:

=i
Zj‘v=1 plz‘ =1

2E3 (X) = —

(7)
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If one is not interested in a complete profile, there exists a simple solution to change formula (5), namely to replace the
Gini concentration measure with the so-called Pratt (1977) concentration measure. Indeed, Pratt’s measure is equal to
N/(N-1) times the Gini concentration measure. Hence when the Gini measure is zero, also the Pratt measure is zero, and
when the Gini measure is (N-1)/N, the Pratt measure is one. Moreover, there also exists a generalized Pratt measure
(with a parameter r > 0), introduced in (Egghe; Rousseau, 1990). Changing this measure slightly and moving to the diver-
sity variant leads to a profile of evenness measures:

1/r
1- (2(1\11—1) Z§v=1 Z?I=1|pi - ler) (8)

5. Conclusion

Following Chao and Ricotta one has five times an infinite number (one for each q) of independent (=unrelated) evenness
measures, correcting the Gini diversity measure (and one may add the evenness variant of the generalized Pratt measu-
re). Taking E, and the simple case q =2 (Kvalseth-Jost) leads to:

EIY= 2 _1_1
DIV (X) = myg s B2A) 1, <ZZ}‘=1du> (9)

ixj

or (9’) with N replaced by n,, depending on the aim of the study. As there are no dual concepts the monotonicity requi-
rement is satisfied in all cases.

Note that formula (9) is just an example. For the moment | have no preference, except that following Leinster and Co-
bbold (2012), and Chao and Ricotta (2019), it is better to consider a profile (all g values) instead of a single value of g.

In DIV, DIV*, and DIV** the three components are given an equal weight. That is not a necessity and for given a, 3, y >0
one could define

SNt Ya-a_ B 14
DIV**(X)=(nx)“*< - ) * (23}21%) (10)

i#j
Yet, | do not see a good reason to complicate matters even more and prefer the casea=8=y=1.

In this article, | focused on Leydesdorff’s approach and propose a correction to my own work and the Leydesdorff-Wag-
ner-Bornmann suggestion. Yet, | do not claim to have the ultimate solution for measuring diversity in the context of in-
terdisciplinarity. For the moment | propose DIV** (formula (9)) (and variants) as the better diversity measure to be used
in interdisciplinarity studies and look forward to further developments.
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